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Let N’(k) denote the number of coprime integral solutions x, .V of y* = x3 + k. It 
is shown that lim sup,,,,, N’(k) > 12. 
1. INTRODUCTION 
Let N’(k) denote the number of coprime integral solutions x, y of 
Mordell’s equation y2 = x3 + k. Mohanty [2] has proved that 
lim sup,, m N’(k) > 6 by showing that the equation y2 =x3 + (t” - 6t” + 1) 
has six solutions x, y E Z[t], where Z denotes the ring of integers. They are 
rtPi, i = 1,2,3, where P, = (x, y) and -Pi = (x, -y) and 
P,: x=2 y=t3-3 
P, : x= 2t y=t’+ 1 
P, : x= 2t2 y = 3t3 - 1 
(For even integer t, each pair x, y is coprime). 
Stephens [4] has proved that lim SUP~,~ N’(k) >, 8 by showing that the 
above equation y2 =x3 + (t6 - 6t3 + 1) has eight solutions x, y E Z[t]. He 
has 
P, : x = t4 + 2t3 + 3t2 - 1 y = -(t” + 3t5 + 6t4 + 4t’ - 3t). 
He has also shown that lim SUP~,-~ N’(k) > 12. Mohanty’s k was a 
polynomial of degree six. But there are polynomials of degree 4 for which the 
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above results hold. We have 
(2t’ + 1)’ - (-2t)3 = (2t2 + 2t)? - (-I)3 
= (2t’ + 4r + 3)2 - (-2t + 2)j 
= 4t’ + 8t3 + 4t2 + 1 
whence lim supk,* N’(k) > 6. Again 
(3t2 + 3t + 3)2 - (2t + 2)3 = (3t2 - 9t + 3)2 - (-4t + 2)3 
= (3P + 3r - I)* - (2t)3 
= (27t6 + 81t5 + 108t4 + 63t3 + 9t2 - 6t)? 
- (9t” + 18t3 + 15t2 + 2t - 1)’ 
= 9t4 + lot3 + 3t2 - 6t + 1. 
So the equation y* =x3 + (9t” + lot3 + 3t2 - 6t + 1) has 8 coprime 
solutions (x, y) for (t + 1,3) and we have another proof of 
lim SUP~+~ N’(k) > 8. 
In the next section we prove that lim SU~~,~ N’(k) > 12. 
2. PROOF 
Mohanty [ 31 has proved that y2 = x3 + ( 16t6 + 1) has three consecutive 
integer solutions for y by showing that (4t3 + 1)’ - (2t)3 = (4t3)2 - (-1)’ 
= (4t3 - 1)’ - (-2t)3 = 16t6 + 1. This again proves that lim SUP~,~~ 
N’(k) > 6. We list below the six solutions: 
P, : x = 2t y = 4t3 + 1 
P, : x=-l y = 4t3 
p, : 1 x=-2t y = 4t3 - 1 
and -P,, -P,, -P, where -Pi = (x, -y). 
We can consider y2 = x3 + (16t6 + 1) as an elliptic curve E over the 
function field Q(t) (Q is the field of rational numbers) on which there is an 
additive law. If (x, , y,) and (x2, y2) are two distinct points on E, their sum 
(x’, y’) is given by 
x, = Y2-YY, c ) 2 x2 --Xl -x,-x, 
-y’= g& (XI-x,)+y,. c 1 
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Now we consider the x, y coordinates for Pi f Pi, 1 < i < j < 3. We find 
that only three out of these six points, namely, 
P,-P*: x=16t4-16t3+12t2-6t+2 
y = -(64t6 - 96t5 + 96t4 - 68t3 + 36t2 - 12t + 3) 
P, - P, : x = 4t4, y=-(8t6 + 1) 
P, - P, : x= 16t4 + 16t3 + 12t* + 6t + 2 
y = -(64t6 + 96~’ + 96t4 + 68t3 + 36t2 + 12t + 3) 
have integral coordinates x, y if t is an integer. 
To check that in a solution (x, y), the coordinates are coprime for all 
integers f, Euclid’s algorithm may be applied. For example, for P, -P, we 
have 
(16t4 - 16t3 + 12t* - 6t + 2, 64t6 - 96t5 + 96t4 - 68t3 + 36t* - 12t + 3) 
= (8t4 - 8t3 + 6t2 - 3t + 1, 4t3 - 4t2 + 2t - 1) 
= (2t2 - t + 1, 4r3 - 4t2 + 2t - 1) 
= (2P - t + 1, t) = (1, t) = 1. 
Hence, there are at least 12 distinct coprime solutions for y* = 
x3 + (16t6 + 1) given by 
P, : x = 2t, y = 4t3 + 1 
P, : x=-l y = 4t3 
P, : x=--2t y = 4t3 - 1 
P, : x = 16t4 - 16t3 + 12t* - 6t + 2 
y = 64t6 - 96t5 + 96t4 - 68r3 + 36t2 - 12t + 3 
P, : x = 4t4 y = 8t6 + 1 
P, : x= 16t4+ 16t3+ 12t2+6t+2 
y = 64t6 + 96t5 + 96t4 + 68t3 + 36t* + 12t + 3 
and -P,, -P, ,..., -P,, where -Pi = (x, -y) when Pi = (x, y). Thus 
lim SUP~+~ N’(k) > 12. 
We pose below the following interesting problem: 
Does there exist a polynomial k(r) with integral coefficients and degree 4 
such that y(t)’ = am + k(t) has at least 12 solutions? 
Remarks. We have considered the equation y(t)’ = am + k(t), where 
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-u(t), u(t) and k(t) are polynomials with integral coefficients. Using k(f) = 
4t4 + 8t3 + 4t’ + 1, we get 17 = 3’ - (-2)” = 4’ - (-1)’ = 9’ - 4’. k(t) = 
th - 6t3 + 1, t even, yields 17 = 5’ - 2’ = 9’ - 4” = 23’ - 8” = 282’ - 43’. 
From k(t) = 9r4 + lot’ + 3t’ - 6t + 1, (f + 1, 3) = 1. we obtain 17 = 
92 - 43 = 3* - (-2)3 = 52 - 23 = 282’ - 43”. Again from k(t) = 16th + 1. 
we have 17 = 5? - 2j = 4’ - (-1)” = 3’ - (-2)’ = 92 - 4” = 23? - 82 = 
375’ - 52”. We still miss the solution 
3786612 - 52343 = 17. 
We would like to see a k(t) = y(t)’ -am which would yield the missing 
solution along with some other solution. 
It is pointed out in [2] that it appears likely that lim supk,= N’(k) < co. 
From earlier papers we had lim SUPS,, N’(k) > 8. In this paper we have 
shown that lim SUP~-.~ N’(k) > 12. 
No one would like to see an infinite sequence of papers proving results of 
the form lim SUP~+~ N’(k) > 2n for various specific positive integers n and 
we are very much sure that such a situation would never present itself in the 
present case. If we look at the Lal, Jones and Blundon table (see also ] 1 1) we 
find isolated examples with much larger values of N’(k). For example, 
N’(17) = 16, N’(2089) > 28, N’(448 1) > 24, N’(7057) > 22 and 
N’(l025) > 32. Then one would be tempted to see a value of n bigger than 
what we have. However, we strongly feel that it will be a challenging 
problem even to show n = 10. 
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